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TheMaximumLikelihoodProbabilisticMulti-HypothesisTracker

(ML-PMHT) is formulated for and applied to an Over-The-Horizon

radar (OTHR) scenario. In this scenario there are two ionosphere

layers acting as reflectors of the electromagnetic (EM) waves and

each scan can contain multiple measurements (up to four) originat-

ing from each target; each of these target-originated measurements

takes one of four possible round-trip paths. The ML-PMHT likeli-

hood ratio is modified to model this uncertainty in the measurement

path which then allows the fusion of multipath data in the presence

of false measurements.

This tracker is shown to have a high track detection probability

and track accuracy with a low probability of false track in very

low signal to noise ratio (SNR) OTHR scenarios. It is also shown to

be a statistically efficient estimator. Consequently, the ML-PMHT

holds great promise in increasing the sensitivity and robustness of

the next generation OTHR.

Results indicate that one can achieve for a very low observable

(VLO) target a true track detection probability above 95% and a

false track rate under one per 24 hours.
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1. INTRODUCTION

Over-the-horizon radar (OTHR) relies on signal re-

fraction through the ionosphere to detect targets beyond

the horizon. Due to the nature of the ionosphere, the

signal from the radar may propagate via multiple paths,

resulting in several target-originated detections. There

is an ambiguity between detections and paths; the path

corresponding to each target detection is not known.

There are also measurements from false detections.

There are a wide range of approaches to the OTHR

problem, varying in how detection, tracking, and as-

sociation are handled. The multiple detection multiple

hypothesis tracker (MD-MHT) [16] is formulated to

solve the data association problem between measure-

ments and measurement paths using an extended mul-

tiframe assignment technique. Alternatively, a multihy-

pothesis fusion algorithm, presented in [11, 13—15], is

a measurement-level fusion algorithm using only mea-

surements already associated with targets by another fil-

ter to calculate the probabilities of association hypothe-

ses. In [1, 2] a method is proposed for joint multiple

target ground track estimation and slant track associ-

ation. Additionally they assume unknown ionospheric

conditions. Their method shows an improvement in ac-

curacy and the number of correct track and path assign-

ments. The Signal Inversion for Target Extraction and

Registration (SIFTER) signal processing algorithm de-

veloped in [9] provides a better detection of low SNR

targets in clutter by solving for the scattering surface

that reproduces the radar’s measurements and has been

demonstrated effectively on real OTHR data.

Other approaches include applying the probabilis-

tic data association filter (PDAF) [6—8], the multipath

probabilistic data association algorithm (MPDA) [12],

and the Probabilistic Multi-Hypothesis Tracker (PMHT)

[8] to OTHR data. An extension of the PDAF called the

Multiple Model Unified PDAF (MM-UPDAF) is devel-

oped in [7]. The MM-UPDAF is designed to handle

multiple nonuniform clutter regions. The SNR in [7] is

unavailable as the parameters used to determine the per-

formance of the MM-UPDAF are proprietary. The low-

est SNR available from [12] and [16] is around 10 dB,

with an ionosphere model similar to what we use in our

simulations. We show that our algorithm with a VLO

target SNR of 4 dB yields a high track detection prob-

ability (95%) and a very low false track rate (less than

one per day) for the scenario considered.

A multipath Expectation Maximization algorithm is

developed and applied to an OTHR scenario in [10].

Similar to the PMHT, it treats data association as miss-

ing data. It also treats propagation paths as missing

data. The (single path) Maximum Likelihood Proba-

bilistic Multi-Hypothesis Tracker (ML-PMHT) uses the

log-likelihood function based on the PMHT model. The

ML-PMHT has previously been formulated for single

and multitarget [17, 18] scenarios. It has been shown to

perform well even with very low target SNR.
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In this paper we extend the ML-PMHT formulation

from [17, 18]. We present a generalized form of the ML-

PMHT that accounts for multiple possible propagation

paths. We apply this algorithm to an OTHR scenario.

Unlike the MD-MHT [16], no data association is re-

quired. The ML-PMHT considers simultaneously all the

measurements without knowing their origins or propa-

gation paths and, remarkably, has linear complexity in

the number of measurements. The ML-PMHT performs

fusion of the multipath data in the presence of false

measurements.

Section 2 briefly describes the ML-PMHT for a sin-

gle target case and the extension to allow for multiple

paths. Section 3 describes the multiple path extension to

the ML-PDA. Section 4 presents the OTHR model used

for simulation. Section 5 discusses the performance of

the ML-PMHT from Monte Carlo testing. Section 6 de-

velops the Cramér-Rao Lower Bound for the multipath

ML-PMHT.

2. ML-PMHT

2.1. Single Target ML-PMHT

The ML-PMHT log-likelihood ratio (LLR) for the

motion parameter of a single target is developed in [17].

This LLR is given by

¤(x;Z)
¢
=ln

½
p(Z j x)

p(Z j all false)
¾

=

NwX
i=1

miX
j=1

lnf¼0 +¼1Vp[zj(i) j x(i)]½j(i)g (1)

with
Z
¢
=ffzj(i)gmij=1gNwi=1 (2)

Here Nw is the number of scans in the batch (the window

length), and mi is the number of measurements in the ith

scan (frame). The parameter x determines the target state
x(i) in a deterministic way (we use a constant velocity

model1 i.e., x= [st(1), _st]
0, where st(1) and _st are the ini-

tial position and velocity of the target, respectively). The

prior probabilities that a measurement occurred due to

clutter or due to a target are given by ¼0 and ¼1, re-

spectively. These values are related to the probability

of detection, PD, and the probability of false alarm in a

resolution cell, PFA. The volume of the search region is

V and a measurement, which didn’t occur due to a tar-

get, has a uniform pdf in V. The jth measurement in the

ith scan is zj(i) and its associated amplitude likelihood
ratio is ½j(i). Finally, p[zj(i) j x(i)] is a Gaussian with
mean determined by the target state parametrization x(i),

and with the measurement noise covariance matrix. The

amplitude likelihood ratio serves as a feature discrim-

inant between the target originated measurements and

the false ones due to spurious detections.

1Any arbitrary deterministic motion model can be used, such as de-

terministic motion in a known gravitational field [4].

The pdfs p[Z(i) j x(i)] (likelihood of the target
present hypothesis) and p[Z(i) j all false] (likelihood of
the target absent hypothesis) are derived using the ML-
PMHT assumptions [17]:

² There is a single target with known probability of
detection.

² Any number of measurements in a scan can be as-
signed to the target.

² The motion of the target is deterministic.
² False detections are uniformly distributed.
² The number of false detections is Poisson distributed
with known density.

² Amplitudes of target and false detections are Rayleigh
distributed with known distribution.

² Target measurements are corrupted with zero-mean
Gaussian noise.

² Measurements at different times, conditioned on the
parameterized state, are independent.

These likelihoods are then given by

p[Z(i) j x(i)]

=

miY
j=1

n¼0
V
p¿0[aj(i)] +¼1p[zj(i) j x(i)]p¿1[aj(i)]

o
(3)

p[Z(i) j all false] =
miY
j=1

1

V
p¿0[aj(i)] (4)

where p¿0[aj(i)] and p
¿
1[aj(i)] are the pdfs of a false

alarm and target measurement amplitude conditioned on
exceeding the threshold ¿ , respectively.

2.2. The Multipath ML-PMHT Log-Likelihood Ratio for
OTHR

The LLR of the generalized ML-PMHT that allows
multiple propagation paths is given by

¤(x;Z)

=

NwX
i=1

miX
j=1

ln

(
¼0 +¼1V½j(i)

npX
`=1

p[zj(i) j x(i),`]P[`]
)
(5)

where ` is used to denote which path the signal took,
P[`] is the probability of path ` being taken, and np
is the total number of possible paths. The mean of
the Gaussian p[zj(i) j x(i),`] is f̀ (x(i)), where f̀ is the
function that transforms the target state x(i) into the
measurement space via path `. The covariance matrix
for this Gaussian is the measurement noise covariance
for a measurement from path `. Note that, for simplicity,
we have assumed that ½j(i) is the same for each path `
(a path dependent LLR can be used if available).

3. ML-PDA

We can extend the single-path ML-PDA likelihood
presented in [17] to allow for multiple paths by applying
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the total probability theorem. For a single scan this

results in

¤(x;Z) =

npX
nd=0

p(z j x,nd)P(nd) (6)

P(nd) = P
nd
D (1¡PD)np¡nd

μ
np
nd

¶
(7)

p(z j x,nd) =
1¡

m
nd

¢¡
np
nd

¢
nd!

X
M2Mnd

X
A2And

¢p[fzkgk =2M j “clutter”]
ndY
j=1

p[zM(j) j x,A(j)]
(8)

where nd is the number of detections, and PD is the

probability of detection.Mnd
is the set of all unordered

nd-tuples of measurement indices. It contains
¡
m
nd

¢
nd-

tuples. And is the set of all ordered nd-tuples of path in-
dices. This set contains

¡
np
nd

¢
nd! nd-tuples. The ML-PDA

gives similar results to the ML-PMHT in very low clut-

ter scenarios, but is significantly more complex. For sce-

narios with a large amount of clutter (like the ones we

are exploring in this paper) the ML-PDA becomes in-

tractable due to the number of terms in the double sum-

mation in equation (8). Its CRLB is also complicated to

determine since it requires extensive Monte Carlo simu-

lations [5]. We choose the ML-PMHT for its simplicity

and effectiveness. In a single scan i the ML-PMHT has

minp terms–linear complexity–while the ML-PDA

has
Pnp

nd=0

¡
mi
nd

¢¡
np
nd

¢
nd!nd =minp

Pnp
nd=0

(nd¡ 1)!
¡
mi¡1
nd¡1

¢
¢ ¡np¡1
nd¡1

¢
terms and therefore suffers from a combinatorial

explosion with increasing mi.

4. OTHR MODEL

We investigate two two-dimensional OTHR scenar-

ios which assume the target to be in a great circle plane

on the earth’s surface as shown in Figure 1, and a three-

dimensional scenario where the target is on the surface

of a sphere. We use a two-layer reflection model (spher-

ical mirror model) for the ionosphere.2 In this model the

signal may reflect from either layer of the ionosphere

resulting in multiple (up to four) round-trip propagation

paths. In the 2-D and 3-D scenarios the radar measures

slant range, slant range rate, and amplitude. In the 3-D

scenario it also measures azimuth.

4.1. Measurement Amplitudes

We model the amplitudes of the measurements ac-

cording to a Swerling I model [4]. The amplitude is

2The actual paths are subject to refraction, which requires numeri-

cal algorithms for ray tracing. The reflection model used here is a

simplified one, which, however, captures the essence of the OTHR.

Fig. 1. The 2-D OTHR scenario with a reflection ionosphere model

(spherical mirror model).

Rayleigh distributed with pdfs

p0(a) = ae
¡a2=2 a¸ 0 (9)

p1(a) =
a

1+ d
e¡a

2=2(1+d) a¸ 0 (10)

for the noise only and target, respectively. Here d is the

expected SNR of the target in a resolution cell. For a

chosen threshold ¿ we have

PD =

Z 1

¿

p1(a)da (11)

PFA =

Z 1

¿

p0(a)da (12)

The pdfs of the amplitude of a measurement given that

it has exceeded the threshold ¿ are

p¿0(a) =
1

PFA
p0(a) a¸ ¿ (13)

p¿1(a) =
1

PD
p1(a) a¸ ¿ (14)

and the amplitude likelihood ratio is then

½j(i) =
p¿1[aj(i)]

p¿0[aj(i)]
(15)

4.2. Measurements

The OTHR measures both position and velocity of

the target via slant range and slant range rate measure-

ments. The equations of the measurements, given the

signal reflected off the lower layer in both directions,

are given below.3 Defining

r1
¢
=4

s
h21¡2R©(h1 +R©)cos

μ
sr¡ st
2R©

¶
+2h1R©+2R

2©

(16)

3The signal propagates forward and is reflected in the plane of the

great circle defined by the radar and the target. We assume that the

antenna beam illuminating the target is in this plane. This beam cor-

responds to the measured azimuth of the reflection from the target.
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Fig. 2. Illustration of the geometry used to derive the equations for

the measurements. Here μr and μt are the angles in polar coordinates

of the radar and the target, respectively.

_r1
¢
=
@r1
@st

@st
@t

=¡
2sin

μ
sr ¡ st
2R©

¶
(R©+ h1)s

2R©h1 +2R
2
©+ h

2
1 ¡ 2R© cos

μ
sr ¡ st
2R©

¶
(R©+ h1)

_st

(17)

one has

zr1 = r1 +wr1 (18)

z_r1 =
_r1 +w_r1 (19)

Here h1 is the height of the lower ionosphere layer. The

radius of the earth is R©. The locations of the radar and
target on the surface of the earth (on the great circle

connecting them) are given by sr and st, respectively.

An illustration of the geometry of this problem is shown

in Fig. 2. The velocity of the target along the great

circle is _st. The noise terms, wr1 and w_r1 , are zero-mean,

Gaussian, independent of each other, and with variances

¾r and ¾_r, respectively. We assume, for simplicity, the

same noise variances on the other paths.

Given that the signal reflected off the upper layer

only (with height h2), we can find similar equations for

r2, _r2, zr2 , and z_r2 , with noises wr2 and w_r2 . The equations

for the measurements resulting from the remaining two

paths, where the signal reflects off of alternate layers,

can then be expressed as

zr3 =
1
2
(r1 + r2)+wr3 (20)

z_r3 =
1
2
(_r1 + _r2)+w_r3 (21)

Fig. 3. Slant range measurements in one batch in 2-D scenario 1

(4 dB post-signal processing SNR).

Fig. 4. Slant range rate measurements in one batch in 2-D scenario

1 (4 dB post-signal processing SNR).

zr4 =
1
2
(r1 + r2)+wr4 (22)

z_r4 =
1
2
(_r1 + _r2)+w_r4 (23)

The azimuth measurement (used only in the 3-D

scenario) is given by

zμ = μ+wμ (24)

where μ is the true azimuth of the target, and the noise

term wμ is zero-mean, Gaussian, and has variance ¾μ.

4.3. 2-D Simulation Parameters

We simulated a target with an initial position

2000 km away from the radar, moving with a constant

speed of 10 m/s towards it. The other values used in the

2-D simulations are given in Tables I and II. Figures

3 and 4 show the measurements used (after amplitude

thresholding) in one run of the tracker from scenario

1. False measurements are generated uniformly in the

measurement space. Note that, due to the very low SNR

in a cell, PD is a meager 0.34 and the high PFA leads

to 60 false measurements per scan. Also note that there

are usually zero to three target originated measurements

in each scan (rarely all four) and the overwhelming

number of false measurements, which, however, can be
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TABLE I

Scenario parameters used in the both the 2-D and 3-D simulations.

Nw 15

Time between scans 1 s

¾r 300 m

¾_r 5 m/s

SNR in a cell 2.5=4 dB

R© 6371 km

Ionosphere lower layer height 100 km

Ionosphere upper layer height 200 km

P[`] for all ` 0.25

successfully handled by the multipath ML-PMHT track

detector.

4.4. 3-D Simulation Parameters

We also simulated a target starting at 2000 km away

from the radar and 0 azimuth. It is moving with a

constant speed of 10 m/s with an initial course of 5±. The
target follows the great circle starting from these initial

conditions. The other values used in the 3-D simulation

are given in Tables I and II. The very low SNR in a cell

now leads to 72 false measurements per scan.

5. PERFORMANCE OF THE TRACK DETECTOR

5.1. 2-D Results

The LLR of the ML-PMHT for a single run is shown

in Figures 5 and 6 for the first 2-D scenario. The plot is

centered at the true target location. There are five peaks

resulting from path ambiguity. The central peak (the

correct one), however, is easily distinguishable from

the side peaks. It is also much higher than any peak

occurring due to clutter.

We use a simple grid search with 1 km spacing

in range, and 20 m/s spacing in velocity to get into

the neighborhood of the global maximum of (5). For

simplicity, no target feature was used. We then run

a local optimization routine from MATLAB using an

interior-point algorithm on the highest valued point

from the grid search to produce the final state estimate.

In the first 2-D scenario this takes approximately 8

seconds per run in MATLAB (faster than real time),

and from 10000 Monte Carlo runs the root mean square

TABLE II

Scenario parameters used in the 2-D and 3-D simulations.

2-D Scenario 1 2-D Scenario 2 3-D Scenario

Resolution cell size 600 m£ 10 m/s 15000 m£ 10 m/s 1200 m£ 20 m/s£ 1:2±
Search region size 150 km£ 100 m/s 150 km£ 100 m/s 150 km£ 100 m/s£ 90±
Number of cells 2500 100 46875

V 1:5 ¢ 107 m2/s 1:5 ¢ 107 m2/s 2:4 ¢ 107 m2=s£ rad
¾μ N/A N/A 0:3±

Amplitude detection threshold ¿ 2.7 1.7 3.6

PD for each path 0.34 0.66 0.16

PFA in a cell 0.024 0.24 0.0015

Expected number of false alarms per scan 60 24 72

¼0 0.9776 0.8991 0.9913

(RMS) errors for position and velocity at the end of the

batch were 40.7 m and 0.7 m/s, respectively. There were

no false tracks or missed tracks.

We also applied the MD-MHT [16] to the first 2-D

scenario. Using perfect initialization and a sliding win-

dow of size 2, the RMS errors from 100 Monte Carlo

runs for position and velocity at the end of the run

were 83 m and 5.8 m/s, respectively, i.e., significantly

larger than the ML-PMHT. An extended Kalman filter

was used to update the track with the measurement-

path combinations chosen by the algorithm. In the MD-

MHT, increasing the window size Nw rapidly increases

the computational requirements of the algorithm. The

number of hypotheses for a single target scenario de-

pends on the number of paths and measurements and is

approximately (NpathsNmeas)
Nw , which quickly becomes

intractable.

Using the same grid search method for the second

scenario 2, the RMS errors from the ML-PMHT for

position and velocity at the end of the batch were 27.2 m

and 0.4 m/s, respectively, from 100 Monte Carlo runs,

also with no false tracks.

We also ran the first 2-D scenario with different

values for the SNR and threshold ¿ . We chose ¿ such

that PD remained fixed at 0.34. These results are shown

in Table III. In the lowest SNR case (4 dB) the track

was detected in each of the 104 runs. The algorithm was

demonstrated to yield a track detection probability, PDT,

higher than 95%. Also no false tracks were detected by

the algorithm in these 104 runs, thus the probability of

false track, PFT, is at most 10
¡4 for the 15 s time interval.

Based on this, the false track rate (over 24 hours) is

0.6/day.

5.2. 3-D Results

Figure 7 shows the LLR surface using the true val-

ues for azimuth and course. Similarly, Figure 8 shows

the LLR surface using the true values for range and

speed. We use MATLAB’s GlobalSearch algorithm to

perform the optimization. From 100 Monte Carlo runs

the RMSE values were 3.3 km in position, 54 m in

range, and 21 m/s in velocity (in the range direction

0.86 m/s while in the crossrange direction 21 m/s;
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TABLE III

Results for various SNR values in the first 2-D scenario from 1000 Monte Carlo runs (results for SNR = 4 dB are from 10000 Monte Carlo

runs). The measurement detection threshold ¿ is chosen such that the single-measurement PD is fixed at 0.34.

Expected number of

false alarms (false Position Velocity Position Velocity

Cell PFA measurements) per scan RMSE (m) RMSE (m/s) CRLB (m) CRLB (m/s)

SNR= 10 dB, ¿ = 4:84 7 ¢ 10¡6 0.02 32.90 0.5449 33.11 0.5519

SNR= 7 dB, ¿ = 3:6 0.0015 4 35.30 0.5647 34.36 0.5727

SNR= 6 dB, ¿ = 3:3 0.0043 11 37.10 0.6037 35.57 0.5929

SNR= 4 dB, ¿ = 2:73 0.024 60 40.67 0.6760 39.57 0.6595

Fig. 5. The log-likelihood ratio centered on the true target state

from 2-D scenario 1.

Fig. 6. The log-likelihood ratio centered on the true target state

from 2-D scenario 1.

the latter is due to the fact that the crossrange rate is

based on the 0:3± azimuth measurement, which maps
to 5 mrad£ 2000 km = 10 km crossrange errors, i.e.,

extremely large).

The algorithm’s running time in the 3-D scenario

was approximately 2 minutes per run (on 15 s of data)

in MATLAB. Therefore, this algorithm can run at least

one order of magnitude faster, i.e., it is real time capable

if it is implemented in a faster programming language,

such as C.

6. MULTIPATH FUSION ML-PMHT CRAMÉR-RAO
LOWER BOUND

We develop the Cramér-Rao Lower Bound (CRLB)

[3] for the multipath fusion ML-PMHT and show that

Fig. 7. The log-likelihood ratio at the true values for azimuth and

course from the 3-D scenario.

Fig. 8. The log-likelihood ratio at the true values for range and

speed from the 3-D scenario.

it is statistically efficient in the first 2-D scenario. We

can assume all scans to be independent and also assume

the measurements in each scan to be independent. The

Fisher Information Matrix (FIM) J will then be the sum
of the FIMs Ji,j of each measurement,

J= Ef(rx lnp[Z j x])(rx lnp[Z j x])Tgjx=x0 =
NwX
i=1

miX
j=1

Ji,j

(25)
where

Ji,j = Ef(rx(i) lnp[zj(i) j x(i)])
¢ (rx(i) lnp[zj(i) j x(i)])Tgjx(i)=x0(i) (26)

The state vector x(i) is given by

x(i) = [st(i), _st]
0 (27)
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where st(i) is the target’s position at time i, and _st is

the target’s velocity. The function that transforms x(i)

into the measurement space via the path that reflects

both ways off the lower layer only is expressed as (28)

with derivatives given by (29) and (30). The functions

f̀ (x(i)) for the other paths (and their derivatives) can be

found similarly.

f1(x(i)) =

26666666664

4

s
h21¡ 2R©(h1 +R©)cos

μ
sr¡ st(i)
2R©

¶
+2h1R©+2R

2©

¡
2sin

μ
sr¡ st(i)
2R©

¶
(R©+ h1)s

2R©h1 +2R
2©+ h21¡ 2R© cos

μ
sr ¡ st(i)
2R©

¶
(R©+ h1)

_st(i)

37777777775
(28)

@

@st(i)
f1(x(i)) =

2666666666666666666666664

¡
2sin

μ
sr¡ st(i)
2R©

¶
(R©+ h1)s

2R©h1 +2R
2©+ h21¡ 2R© cos

μ
sr¡ st(i)
2R©

¶
(R©+ h1)

cos

μ
sr¡ st(i)
2R©

¶
(R©+ h1)_st(i)

R©

s
2R©h1 +2R

2©+ h21¡ 2R© cos
μ
sr¡ st(i)
2R©

¶
(R©+ h1)

¡
sin

μ
sr¡ st(i)
2R©

¶2
(R©+ h1)

2 _st(i)

[2R©h1 +2R
2©+ h21¡ 2R© cos

μ
sr¡ st(i)
2R©

¶
(R©+h1)]3=2

3777777777777777777777775

(29)

@

@ _st(i)
f1(x(i)) =

2666664
0

¡
2sin

μ
sr¡ st(i)
2R©

¶
(R©+ h1)s

2R©h1 +2R
2©+ h21¡ 2R© cos

μ
sr ¡ st(i)
2R©

¶
(R©+ h1)

3777775 (30)

p[zj(i) j x(i)] =
¼0
V
p¿0[aj(i)] +¼1p

¿
1[aj(i)]

npX
`=1

p[zj(i) j x(i),`]P(`) (31)

rx(i) lnp(zj(i) j x(i))

=
¼1p

¿
1[aj(i)]

Pnp
`=1P(`)j2¼Rj¡

1
2 e¡

1
2
[zj (i)¡f̀ (x(i))]0R¡1[zj (i)¡f̀ (x(i))]DT` (i)R

¡1[zj(i)¡ f̀ (x(i))]
¼0
V
p¿0[aj(i)] +¼1p

¿
1[aj(i)]

Pnp
`=1P(`)j2¼Rj¡

1
2 e¡

1
2
[zj (i)¡f̀ (x(i))]0R¡1[zj (i)¡f̀ (x(i))]

(32)

Ji,j =

Z 1

¿

Z Z
V

(¼1p
¿
1[aj(i)])

2

j2¼Rj
Pnp
`=1A`(i)

Pnp
`=1A

T
` (i)

¼0
V
p¿0[aj(i)] +¼1p

¿
1[aj(i)]

Pnp
`=1P(`)j2¼Rj¡

1
2 e¡

1
2
[zj (i)¡f̀ (x(i))]0R¡1[zj (i)¡f̀ (x(i))]

dzj(i)daj(i) (33)

A`(i) = P(`)e
¡ 1
2
[zj (i)¡f̀ (x(i))]0R¡1[zj (i)¡f̀ (x(i))]DT` (i)R

¡1[zj(i)¡ f̀ (x(i))] (34)

The multipath ML-PMHT likelihood for a sin-

gle measurement is given by (31). The gradient of

the logarithm of this likelihood gives (32), where

D`(i) is the Jacobian of f̀ (x(i)). Finally, combining

equations (26) and (32) gives us the FIM of one

measurement, which has to be evaluated numerically,

as (33).
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Fig. 9. The pdf of w (a single clutter measurement transformed by

the multipath LLR).

Using the parameters given in Table I, the CRLB is

39.57 m and 0.6595 m/s for the position and velocity,

respectively. From 10000 Monte Carlo runs for the

lowest SNR= 4 dB the standard error of the sample

variance is 0.5596 m for position, and 0.009327 m/s

for velocity [3]. This gives the 95% (2-sigma) intervals

of [38.45 m, 40.69 m] and [0.6408 m/s, 0.6782 m/s]

for position and velocity, respectively. Since the RMSE

values from the multipath fusion ML-PMHT (which were

40.67 m and 0.6760 m/s) are within these intervals, it

is a statistically efficient estimator. We also include the

CRLB for different values of the SNR and ¿ in Table III.

7. FALSE TRACK AND TARGET TRACK DETECTION
PROBABILITIES

We use the methods in [19, 20] to determine a

threshold for the probability of false track, PFT, and

then calculate the probability of track detection, PDT,

for the first 2-D scenario with 4 dB SNR presented in

Section 4.3.

7.1. Probability of False Track

We begin with the multipath LLR for a single

measurement, zj(i), and its corresponding amplitude

LLR, ½j(i),

¤i,j[zj(i)] = ln

(
¼0 +¼1V½j(i)

npX
`=1

p[zj(i) j x(i),`]P[`]
)
(35)

and treat zj(i) 2 R2 and ½j(i) 2R+ as random variables.

Equation (35) is a function that transforms these random

variables into a new random variable w,

w = ¤i,j[zj(i)], w 2R (36)

While in [19] it was possible to get a closed-form

expression for the pdf of w when using the LLR for

a single path ML-PMHT, here we cannot. The sum of

exponentials that arises from the multiple paths prevents

us from inverting equation (35). We must instead rely

on a numerical or empirical approximation of the pdf

of w. This empirical pdf of w is shown in Figure 9.

Fig. 10. The batch and peak pdfs (from clutter) along with

thresholds for several values of PFT.

We take the pdf of w and convolve it with itself

N ¡ 1 times to find the pdf for a batch of N measure-

ments from clutter. We refer to this resulting pdf as the

“batch” pdf; it is the LLR pdf for a batch of measure-

ments. We use N = 900, the expected number of mea-

surements from clutter in one batch of measurements in

our scenario. Again, following the methodology of [19],

we must use the batch pdf to determine the “peak” pdf;

this is the pdf of the maximum sample value from M

samples from the batch pdf. This peak pdf is determined

from extreme value theory. The determination of M is

discussed in [19]; we use M = 107. The batch and peak

pdfs, along with thresholds for several values of PFT are

shown in Figure 10.

7.2. Probability of Target Track Detection

Now that we have calculated thresholds using the

desired values for PFT, we can use a similar procedure

to evaluate PDT for these thresholds using the methods

in [20]. We again begin with the multipath LLR for a

single measurement given by equation (35), but with

zj(i) as a Gaussian mixture (for the four paths) ran-
dom variable (originating from the target) instead of a

uniformly distributed random variable (originating from

clutter). The approximation of the pdf of a single target

measurement transformed by the multipath LLR pdf is

shown in Figure 11.

We convolve this pdf with itself N ¡1 times to find
the pdf for a batch of N target originated measurements.

We use N = 20, the expected number of target origi-

nated measurements in one batch of Nw = 15 scans in

our scenario. We do not need to find a peak pdf from

this batch pdf; the batch pdf is the peak pdf in this case.

The batch pdf and the thresholds calculated in Section

7.1 for several values of PFT are shown in Figure 12. A

PFT of 10
¡4 yields (1¡PDT) = 6 ¢ 10¡9.

8. CONCLUSIONS

We have developed an extension to the single target

ML-PMHT to allow for the fusion of data from multiple

signal propagation paths. We applied this algorithm to

an OTHR scenario. We showed that, with low target
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Fig. 11. The pdf of w (a single target measurement transformed by

the multipath LLR).

Fig. 12. The batch and peak pdfs (from the target) along with

thresholds for several values of PFT .

SNR even down to 4 dB post-signal processing, the

fusion ML-PMHT has excellent track detection and

accuracy in such a scenario and is statistically efficient.

Consequently, the ML-PMHT holds great promise in

increasing the sensitivity and robustness of the next

generation OTHR.

The results indicate that the ML-PMHT can yield

very high PDT (probability of track detection) and very

low PFT (probability of false track). Future work would

include using a more accurate ionosphere model.
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